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Abstract. We estimate fractional Sobolev and Besov norms of 
some singular integrals arising in the model problem for the Zakai 
equation with discontinuous signal and observation. 



I. Introduction 

In a complete probability space (Q, J 7 , P) with a filtration of o- 
algebras F = {Tt) satisfying the usual conditions, the following lin- 
ear stochastic integro-differential parabolic equation of the fixed order 
a G (0,2] was considered in Holder classes (see [6]): 
(1.1) 

du(t,x) = (A^u(t, x) + f(t, x))dt + f u g(t,x,v)q(dt,dv) in E 0jT , 
u(0,x) = uq(x) in R d , 

where £ ,t = [0,T] x R d , / is an F-adapted measurable real-valued 
function on R d+1 , 

A^u(t,x) 

dy 



tx 



[u(t, x + y)- u(t, x) - (Vu(t, x),y)x {a) (y)W a \t, y)- 



\d+a 



d 

d+1 



+ (b(t) 1 Vu(t,x))l a=1 + B^(t)df jU (t,x)l a=2} (t,x) e R 

m=i 

X (y) = 1q>i + l|j/|<ila=i> wS a '{t^ y) is a bounded measurable real- 
valued function homogeneous in y of order zero, Rq = R d \{0}, b{t) = 
(6 1 (t), . . . , b d {t)) is a bounded measurable function and B(t) = (B^(t)) 
is a bounded symmetric non-negative definite measurable matrix- valued 
function; 

q(dt, dv) = p(dt, dv) — U(dv)dt 
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is a martingale measure on a measurable space ([0, oo) x U, B([0, oo)) <g> 
U) (p(dt, dv) is a Poisson point measure on ([0, oo) x U, B([0, oo)) ®U) 
with the compensator U(dv)dt) and g is an F-adapted measurable real- 
valued function on R d+1 x U. It is the model problem for the Zakai 
equation (see [16]) arising in the nonlinear filtering problem with dis- 
continuous observation (see [6]). Let us consider the following example. 

Example 1. Assume that the signal process X t in R d is defined by 

X t = X + [ b{X s )ds + W t a , t e [0, T], 
Jo 

where b(x) = {b l (x))\<i<d,x G R d , are measurable and bounded Wj* is 
a d-dimensional a-stable (a & (1,2),) Levy process. Suppose 

dvds , 



o 



W a t = / / v[p(ds, dv) - in 



v 



V\ I \v 



d+a ! 



where wi(nn') is a smooth bounded function (it characterizes the inten- 
sity of the jumps of W a in in the direction and p(ds,dv) is a 
Poisson point measure on [0, oo) x R d with 

Ep(ds,dv) = m(-^-)^^. 

\v\ \v\ a+a 

Assume X has a density function u (x) , and the observation Y t is 
discontinuous, with jump intensity depending on the signal, such that 

Y t= / Vp(dsdy)+ / / yq(ds,dy), 

JO J\y\>l Jo J\y\^l 

where p(ds, dy) is a point measure on [0, oo) x Rq not having com- 
mon jumps with W a with a compensator p(X t ,y)ir(dy) and q(dt,dy) = 
p(dt,dy) —ir(dy)dt. Assume C\ ^ p(x,y) ^ c\ > 0,n(dy) is a measure 
on Rq such that 

J \y\ 2 A ln(dy) < oo, 

and J[p(x,y) — l] 2 Tr(dy) is bounded. Then for every function if such 
that E[ip(X t ) 2 ] < oo, the optimal mean square estimate for ip (X t ) , t G 
[0, T], given the past of the observations Fj = a(Y s ,s ^ t), is of the 
form 

1 J E[c,ur] 

where ( t is the solution of the linear equation 



d( t = ( t _J\p(X t -,y)-l]q(dt,dy) 
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and dP = ( (T)~ x dP. Under assumptions of differentiability, one can 
easily show that if v(t,x) is an F = (F^)- adapted unnormalized filter- 
ing density function 

(1.2) E [p (X t ) Qj?] = Jv(t,x)1> (x) dx, 

then it is a solution of the Zakai equation 

(1.3) dv{t,x) 

= v(t, x) j [p(x, y) - l]q(dt, dy) + \ - (b\x)v(t, x)) 



v(0, x) 



+ 

U (x). 



Rd 




— y dy 

[v(t, x + y) - v(t, x) - {Vv(t, x),y)]m(—)—— 

\y\ \y\ + 



Since Y t ,t ^ 0, and X t ,t ^ 0, are independent with respect to P, for 
u (t, x) = v (t, x) — Uq (x) we have an equation whose model problem is 
of the type given by ( fJ.ij) . Indeed, according to [2], for any infinitely 
differentiate function ip on R d with compact support, the conditional 
expectation n t (ip) = E [ip (X t ) ( t \ J 7 ^] satisfies the equation 



n t (ip\p(;y)-l])q(dt,dy) + n t \ (6, V<p) 



+ / [f(. + y)-f-(Vf,y)x ia) (y)]m(t,^- 

\y\ 



y \ dy 



\y 



d+a 



dt. 



Assuming U.ty) and integrating by parts, we obtain U.3\) . 
In terms of Fourier transform, 

with 



V» (a) (U) 



-C 



w 



S d-1 



r / oltx 
0T[1 -i^tan— sgn(w,£)Wi 



sgn(u7, f ) In | (w, f ) | la=i) 1 m {a) (t, w)dw, 

71 /J 

where C = C(a,d) is a positive constant, S^ -1 is the unit sphere in 
R d and dw is the Lebesgue measure on it. It was shown in [6] that in 
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Holder classes the solution of (11.11) can be represented as 

(1.4) u(t, x) = Rf{t, x) + Rg(t, x) + T t u (x), 
where 

Rf(t,x) = / G S)t * f(s,x)ds, 
Jo 

(1.5) Rg(t,x) = G s ,t*g(s,x,v)q(ds,dv), 

Jo Ju 



with 



'0 Ju 

T t u (x) = G 0tt * u (x) 



G a , t (x) = ( exp \ I TP {a \r,t)dr } 1 x, s < t,x E R 



and * denoting the convolution with respect to the space variable 
x G R d . According to pj], G Sii is the density function of an a- stable 
distribution, and is the fractional Laplacian if b = and = 1. 
In order to estimate the L p -norm of the fractional derivative 

d a u(t,x) = -J r - 1 m a J r u(t,o] 

of u in ([Q| , we need the estimates for d a Rf, d a Rg and d a T t uo. It was 
derived in [7], that 

\d a Rf\ Lp < C\f\ Lp . 
According to Corollary [2] below (it provides two-sided estimates for the 
moments of a martingale), 

E|^|^<C[E/ 1 + E/ 2 ], 

where 

(I.6X1 = f [Iff [9 Q G M *^(s,x,t;)] 2 n(rft;)rfsl dxdt, 
Jo Jn d [Jo Ju J 

T r t 



(1.7X2 = / / / / \d a G Sjt * g(s,x,v)\ p Tl(dv)dxdsdt. 
Jo Jo Jn d Ju 

In this paper, we estimate the singular integrals of I\- and /2-types 
related to Rg(t,x) in (11.51) in Sobolev and Besov spaces. If a = 2 and 
B is dxd-identity matrix, the estimate of ii-type was proved in [5]. 
This estimate for (11.61) was generalized in [1] for the case = 1, 
b = (in this case is the fractional Laplacian). Our derivation of 
an estimate for (11.61) follows a slightly different idea communicated by 
N.V. Krylov. The problem cannot be reduced to with fractional 

Laplacian. In fact, can be zero on a substantial set (see Remark 
CD). The operator Rg in Holder- Zygmund classes was estimated in [6]. 



ON Lp-ESTIMATES OF SINGULAR INTEGRALS 



5 



The results of this paper were applied in [9] to solve the model problem 
above in the fractional Sobolev spaces. 

The paper consists of five sections. In Section 2, we introduce the 
notation and state the main results. In Section 3, we derive the two- 
sided p-moment estimates of discontinuous martingales that explain the 
need to consider (\1.6\i and (\1.7\i . In the last two sections, we present 
the proofs of the main results. 

2. Notation, function spaces and main results 

2.1. Notation. The following notation will be used in the paper. 
Let N = {0, 1,2,.. .}, = R d \{0}. If x, y e R d , we write 



fay) = ^2 x iyu M = Vfaxj- 



i=l 

We denote by (R d ) the set of all infinitely differentiable functions 
on R d with compact support. 

We denote the partial derivatives in x of a function u(t,x) on R d+1 
by diU = du/dxi, dfjU = d 2 u/dxidxj, etc.; du = Vu = (d\u, . . . , ddu) 
denotes the gradient of u with respect to x; for a multiindex 7 e Nq 
we denote 



dxj 1 . . . dx 1 / 

For a e (0, 2] and a function u(t, x) on R d+1 , we write 
d a u(t,x) = -F-^Tuit,^), 

where 

Fh(t,0= [ e-^h(t,x)dx,F~ 1 h(t,0 = 7 ^T- d [ e*&*>/i(f,0de. 

The letters C = C(-, ...,•) and c = c(-, ...,■) denote constants de- 
pending only on quantities appearing in parentheses. In a given context 
the same letter will (generally) be used to denote different constants 
depending on the same set of arguments. 

2.2. Function spaces. Let S(R d ) be the Schwartz space of smooth 
real- valued rapidly decreasing functions. Let V be a Banach space with 
a norm \ ■ \ v- The space of V- valued tempered distributions we denote 
by iS'(R d , V) (/ G iS'(R d , V) is a continuous ^-valued linear functional 
on S{R d )). 

For a l^-valued measurable function h on R d and p ^ 1 we denote 



\h\ P v, p = / 
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Further, for a characterization of our function spaces we will use the 
following construction (see pQ). By Lemma 6.1.7 in [T], there exists a 
function <p G C^(R d ) such that supp0 = {£ : \ ^ \t\ < 2}, 0(£) > if 
2- 1 < |£| < 2 and 

oo 

J2 w j o = i if e o. 

j=-oo 

Define the functions (p k G 5(R d ), k — 1, . . . , by 

^(O=0(2" fc O, 

and <p Q G S(R d ) by 

JVo(0 = i-X>¥>*(0- 

Let /3 G R and p ^ 1. We introduce the Besov space B^ p = 
B^ p (Tl d , V) of generalized functions / G <S'(R d , V) with finite norm 

oo 



_ l/p 



the Sobolev space #^(R d , V) of / G S'(R d , V) with finite norm 

(2.i) l/i^(R<w = ^((i + iei 2 )^/)!^ 

= |(/-A// 2 /| V)P , 

where / is the identity map and A is the Laplacian in R d , and the 
space H^(R d , V) of / G ^(R^, V) with finite norm 



i/p 

I >■ / GO \ *"l - I 

( 2 - 2 ) l/lfl£(R*,V) 



/ r ,(|>i»w(«) 



p/2 

dx 



Similarly we introduce the corresponding spaces of generalized func- 
tions on E aib = [a, b] x K d and _E ai6 = {(s, t, x) G R d+2 : a < s < t < 
b,xeR d }. ' 
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The spaces B^ p (E at b,V), H^(E at b,V) and H^(E at b,V) consist of all 
measurable iS'(R d , V^-valued functions on [a, b] with finite correspond- 
ing norms: 

1/p 

and 

i/p 

The spaces B^E^V), H^E^V) and H?(E a ^V) consist of all 
measurable <S'(R d , VQ-valued functions on {(s,i) : a ^ s ^ t ^ b} with 
finite corresponding norms: 

i/i<(w)= j y / i/( s >^-)i^ p(RdiV) ^ 



i/p 



and 



6 /.t 



(2-6) l% ( w) = / / l/( s 'V)l^ (Rd)V) ^ 



For the scalar functions the norms ( 12. ID and (12.21) are equivalent (see 
[15] . p. 15). Therefore, the norms (12.31) and (12.41) as well as (12.51) and 
(12.61) are equivalent. 

If V is a separable Hilbert space, we will also use the spaces B^ p (E ajb , V) 
and H^(E at b,V) consisting of measurable S'(R d , V^-valued functions 
on {(s, t) : a < s < t < b} with finite norms 

E 2i/3p y J Kd {J \^*f(s,t,x)\ 2 v dsj dxdtj 



\f\, 



and 



\ P/2 1/p 



/ ^(/'* F ^ (1+lel2)/3/2 ^ /)(s ' t,a;) '^ s ) p M 
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2.3. Main results. Throughout the paper we assume that the func- 
tions b = b(t),B = B{t) and m^ a '(t,y) > are measurable, = 
and 

/ wm {1) (t,w)dw = 0,t e R. 
Also, we will need the following assumptions. 

A. (i) The function m = m(t, y) > is O-homogeneous and differ- 
entiate in y up to d — [|] + 1; 

(ii) There is a constant K such that for each a G (0, 2) and t € R 

\b(t)\ + \B(t)\ + sup \d^ y m {a) (t,y)\ < K. 

\f\<do, 
l£l=l 

B. There is a constant /i > such that 

sup Re^ (a) (t,0 < -//. 

Remark 1 . The assumption B holds with certain // > if , for example, 
inf (£(t)f,0 > 0, a = 2, 

inf m (a) (t,w) > 0,a e (0,2), 

for a measurable subset T C S^" 1 of a positive Lebesgue measure. 

Given a measurable iS'(R d , V^-valued function g on R, we consider 
a linear operator X that assigns to it a S'(R d ,V)-valued function on 
{{s,t):s<t}: 

Ig(s, t, x) = G Syt * g(s, x), s < t, x e R d . 

The main results of the paper are the two propositions given below. 
Proposition [1] in the case V = L p (U,U,U) is related to the integral I2 
in (ll.7p and Proposition [2] in the case V = L 2 (U,U, II) is related to the 
integral I\ in (jl.6p . 

Proposition 1. Let Assumptions A and B hold, p>2,/3GR, — oo< 

a < b < 00. T/ien toe operator! : B^ a ~^ (E ayb , V) ->■ H^ +a (E ayb) V) 
is bounded: there is a constant C = C(a, K, ji,p,d) such that 

/3+ a -£L 

(2.7) < C|flr| j+a-f V .,9£B PP p (E ajb ,V). 

Since for the scalar functions the norms (I2.5P and f)2.6p are equivalent, 
we have the following statement. 

Corollary 1. Let V = L p (U,U,U). Then Proposition [1\ holds with 
Hl +a (E afi , V) replaced by H^ +a (E afi , V). 
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Proof. Let V = L p (U,U,U).Ulg e H^ +a (E aM V) } then II-a.e. Xg(-,-,v) G 

H^ +a (E at f ) ,'R)- Since the norms (12.31) and (12.41) are equivalent for the 
scalar functions, we have 

\Xg\ p « +a .~ = f f [ \(I-A)^ 2 Xg(t,x,v)\m(dv)dxdt 

< C J" J J H^2 2 ^^<p J *lg(t,x,v)\ 2 j dxU(dv 



and by Minkowski inequality 

f a j j (^^ +a)j \ i P j *Xg(t,x,v)\^j dxU(dv)dt 

< C fj Rd {^ 2{P+a)3 W 3 *Xg{t,x r )\ 2 ^ dxdt 

= C\Xg\ P m+a( ^ by) 
and the statement follows by Proposition [TJ □ 

Proposition 2. Let Assumptions A (with d Q replaced by do + 1) and 
B hold, p > 2, (3 e R, — oo < a < b < oo, and let V be a separable 
Hilbert space. 

Then there is a constant C = C(a, K, fi,p,d) such that 

< C \9\ H ^ b ,w 9 e H?(E a , b , V) 

and 

l^lafUW) ^ ^k(W)' 9 e B^(E a>b , V). 

3. Moment estimates of discontinuous martingales 

The following two-sided moment estimate for discontinuous martin- 
gales should be well known (see e.g. [10] for this type of estimate 
from above). For the sake of completeness we provide its proof. Let 
p(dt, dv) be a a-fmite point measure on ([0, oo) x U, £>([0, oo))®U) with 
a dual predictable projection measure n(dt, dv) such that n ({£} x U) = 
0,t > 0, and let 7Z(F) be the progressive cx-algebra on [0, oo) x Q (see 
[3]). Denote by L 2 oc the space of all 7Z(F) <g> W-measurable functions 
g(t,v) = g(u,t, v) such that P-a.s. 

ft /■ 

g(s,v) 2 n(ds, dv) < oo 



o Ju 
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for all t. 
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Lemma 1. Let p>2,g£ L 2 oc and 



Qt 




g(s,v)q(ds,dv),t > 0. 



o Ju 



Then there are constants C = C(p) and c = c(p) > such that for any 
F-stopping time r < T 



cE 




\g(s, v)\ p ii(dv, ds) 



o ju 




g(s, v) 2 7i(dv, ds) 



o Ju 



(3.1)<E[sup|Q t fl 



t<T 



< CE 
Proof. Let 
A* = 




\g(s, v)\ p ii(dv, ds) + 



o JU 




\p/2-| 

g(s : v) 2 7r(dv, ds) ] 



o Ju 




g(s,v) 2 p(ds, dv), L t 



o Ju 




g(s,v) 2 7i(dv, ds), t>0. 



o Ju 



By the Burkholder-Davis-Gundy inequality (see [3]), there are positive 
constants c p and C p such that for each F-stopping time r 

c p E[A p J 2 } < E[sup \Q t \ p ] < C P E[A P J 2 }. 

t<T 

Denoting q = p/2 > 1, we have 

Al = J2[(A s -+AA s y-A^}= f T f [(A s _+g(s,v) 2 r-Al_]p(ds,dv) 

Jo Ju 



S<T 



and 



E 



E 




o Ju 



[(A 8 _ + g(s,v) 2 y - Al_]ir{dv,ds). 



Since there are two positive constants c, C such that for all non-negative 
numbers a, b 



C(b q + a 9_1 6) > (a + ft) 9 - a 9 > c(6 9 + a q - l b), 



we have 



(3.2) CE f [ [\g{ Sl v)\ p + A^g^vf^dv^ds) > E[A*\ 
Jo Ju 

[\g(s,v)\ p + At'g^v^nidv^s). 



> cE 




JU 
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Hence, 



cE 



JU 



< 



g(s,v)\ p 7T(dv,ds)<E[Al] 
Ce|^ J \g(s,v)\ p n(dv,ds) + A q T - 1 L 7 



On the other hand, for q > 1, 

L* = q [ Lt l 
Jo 



dL. 



E[L%] = qE / Ll~ l dA s < qE[Ll- l A 7 



and 



According to Young's inequality, for each e > there is a constant C £ 
such that 

A\- X L T < eAl + C £ Ll, 
L\- l A T < eL*+C e A«. 

Therefore, there is a constant C such that 

E[L«] < CE[A% 

E[A*] < Ce|^ T J \g(s,v)\ p 7r(dv,ds) + L^, 

E[A%] > e/7 |<K s ,t,)|*7r(*>,*0, 

and the statement follows. □ 
Corollary 2. Let p > 2, g = g(s,x,v) be such that P-a.s. 

g(s, x,v) 2 ir(dv, ds)dx < oo, 



T 

JuJR d 




and 



Then 



Q(t,x)= f [ 
Jo Ju 



Esup \Q(s, 

S<T 



E< 



+ 



g(s, x, v)q(ds, dv), < t < T. 

\9(s,;v)\*ir(dv,ds) + 
g(s, •, v) 2 ir(dv, ds) 



JU 



Ju 



nl/2 


"1 
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E / \Q(s r )\*ds ~ E / sup|Q(s,-)|?dt 



E<; / / / |0(s,-,u)|j>(di;,cZs)dt + 



O J JC/ 



g(s, -, u) 2 7r(di;, rfs) 



o Ju 



" 1/2 













where] f\P = J \f(x)\ p dx and ~ denotes the equivalence of 

4. Proof of Proposition CD 
Let us introduce the functions 



norms. 



Vj-i + Vj + Vj+i* j>h 



where (pj,j > 0, are defined in Subsection 12 .21 Let 

h{ t (x) = J-^jexp |^V (Q) (r,0^}^(0}(^), j > 0. 

According to Lemma 12 in [6] or inequality (36) and Lemma 16 in 
[8], there are constants C, c > such that for all s < t,j > 1, 



(4.1) 



J\h{ t (x)\dx < Ce- c23a{t ' s) [ 2ia (* - s 
/i° t (x)|dx < C. 



k<do 



For g e B pp v (E a>b , V), we set 

9j(t,-) = g(t,-)*<Pj, j>0. 

Obviously, 

<Pj*Xg(s,t,-) =Tgj(s,t,-), j ^ 0. 
Since = *(f>j,j > 0, we have 

Xgj(s,t,x) = h 3 Sjt *gj{s,x). 
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Therefore, by Minkowski's inequality, 

-b ft p / 00 \ p/ 2 



^2^> i *Z^,M)|^ dxdsdt 

my 00 v p/2 

[JL 22Pj \ h U*9j(8,x)\ 2 v) dxdsdt 

pb ft ( OO jr . 2 /p\ 

- / / ( S 2 ^'{y Kt*^ 5 '^!^/ J dsdt - 

By 



< Ce- c2QJ ^|^-( S ,-)|y iP , J>0 

So, 

,6 / oc „ \ P/2 



; 4 . 2 ) < c7/ / E 6 "^^^!^-)^ ***** 



= C [J2e-^-^%(s r )\l\ dtds. 

J a Js \ j=Q J 

If p = 2, we have immediately 

J a Js j_q 



< C / ^2^2-^1^(8,01^. 



j=0 

If p > 2, we split the sum in (14. 2 j) as follows: 

00 

^ c -^(*-)2^i ft -( a ,oi^ = E e ~ c " (i " s)22/3j i^'( s '-)i^ 

j=o ieJ 

+ E e-^^h^lg^s,-)^^ A(s,t) + B(s,t), 

i£N \J 

where J = {j E N : 2^'(t - s) < 1}. 
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Fix k G (0, — ). Using Holder's inequality, we get 
A(s,t) < J2 2 ^ 2Kj2 ~ Kj \9j(^-)\ 2 v, P 

f \ 1 /<J / \ 2 /P 

^ E 29K E 2P/3J2 ^ /2 i*( s '-)i^ 

with o = Since 

< C(t-s)^ K/a , 

we have 

2/p 



< C(t- S )^(^2^2-^/ 2 |^( S ,-)lU 

/ 00 \ 2/p 

= C(* - ( ^ l {( ,- s) < 2 -c } 2^2-^/ 2 |^( S , ) • 

So, 

A(s,t) p/2 dtds < C J2 2M2 ~ PKj/2 \9i( s '-)\v, P (t-s)-%dtds 

nb °° 

< C ^2^%(s r )\hd8 = C\g\> f 

Ja j =0 &PP (ba,b,V) 

Let us consider the sum B(s,t). By Holder's inequality, 

1 2 

B(s,t)<\ £ e- c2 ^- s) V{ E ^ (t - S) 2 to b,(^-)|^r 
with g = ^§2- Since e ~ c2QJ ( i_s ) is decreasing in j, 

e -c2-«- S ) < /" e -c2-2"( t -.) dr < ^ 



Therefore, 

rb rb rb 00 rb 



j j B(s,ty/ 2 dtds < C I jr / e-^^dtt^lft-^OI^da 

J a J s J a j_Q J s 

pb °° 

< C / ^2-^| ft -( S ,.)|^>. 

•'a ,-n 
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Finally, 



Hp (E a h,V) 



< c 



b r b 



b r b 



A{s,t) p/2 dtds + / / B{s,t) p/2 dtds 



/b °° 
J22- aj 2^\ gj (s,.)\ p Vtp ds<C\g\ 

' 3=0 



B PP p (E a , b ,V) 



The proposition is proved. 

5. Proof of Proposition [2] 
In the proof we follow an idea communicated by N.V. Krylov. 
5.1. Auxiliary results. We start with 

Lemma 2. Let 5 G (0,1),/ G (— d, 5). Assume that a function F 
Rg — > R satisfies the inequalities 

\f(o\<c\^,\vf(o\<c\^\ 1 -\^K 

Then 

\d 5 F(0\<C\Z\ l - 5 ,teK 

Proof. For any £ G Rg, 



\d 5 F(0\ = C 



< c 



J[F{t + y)-Fffl- 



dy 



y 



d+8 



\y\>m 



[m + y)\ + \F(0\Y 



+c 



\v\<h\t\ Jo 



\VF(t + sy)l 



dy 
I y I 

dsdy 



\y 



d+8-l ' 



where the constant C = C(S). 

Changing the variable of integration, y = \£\y, we have 

dy 



\v\>ht\ 



= c\i\ 1 - 5 



\y 



d+8 
4 Kl 



+ y\V dy 



\y 



d+8 



< C\£\ l ~ s sup 



Obviously, 



'\v\>h\t\ 



imi- 



dy 



\d+8 



< C\£\ l 



\w\ = lJ\y\>± 

dy 



-i/ dy 



\>h\*\ \y 



d+8 



<ciei 



1-8 
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If \y\ <\\i\,se (0, 1), then \i + sy\ > \£\ - s\y\ > §|£| and 



/ /V^ + ^l^r < C I f\^ + sy\ 

J\y\<mJo \y\ d+d J\y\<mJo \V\ 

li-l d y ^ r<\<\i-* 



dsdy 



|d+<5-l 



■/[»I<*KI 13/1 



□ 



We will need some facts about maximal and sharp functions as well 
(see H3]). 

For each (s, z) G H d+1 and 6 > we consider a family of open sets 
B(s, z\ S) of the form 

B(s, z; 5) = (s — <5 a , s + 5 a ) x (zi — 5, z x + 5) x . . . x (z d — 5,z d + 5). 

Let Q s be the family of all B(s, z; 5), (s, z) G R d+1 , and Q = Ua >0 Q«. 
The collection Q satisfies the basic assumptions in [13] (see 1.2.3 in 

USD- 
Let h G Li(R d+1 ). For the rectangle BeQwe set 

h B = — 3_ I h(s,y)dsdy, 



mes -B 



h* = — —SI \h(s,y) - h B \dsdy. 
mesB J B 



Let 



Mh(t,x) = sup —j- — / \h(s,y)\dsdy, 

s>0 mes B(t,x;d) J B {t,x;5) 

h*(t,x) = sup h*,{t,x) eR d+1 . 
BeQ,(t,x)eB 

In the definition of hfr the supremum is taken over all B G Q = ^>s>o\ls 
such that (t, s) G -B. The functions MA and /i# are called the maximal 
and sharp functions of h. 

By Holder's inequality for h G L 2 (R d+1 ), 

(5.1) * ^ j B w<>v)<w, 

(5.2) (/z*) 2 < ? l — - ! I (h(s, y) - h(u, z)fdudzdsdy. 

V / (mes B) z J B J B 

We will also use the maximal functions defined by 

Mf(x) = sup — — / \f(y)\dy, 

r>0 mes5 r (0) J Br{x) 
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where B r (x) = {y E R d : \y — x\ < r}. 

As it is well known ([33], Theorem IV.2.2, ), for h E L p (R d+l ), p > 1, 
the following norms are equivalent: 



(5.3) 



\h\ p ~\Mh\ p ~\h%. 



Also, for h E L p (R d ), p > 1, 
(5.4) 



\h\ p ~ |A^/i|j 



Lemma 3. Let f E C^°(R d ) and v be a continuously differentiable 
function on TL d such that lim^i^oo \v(z)\ = 0. Let R, R\ > 0, x,y E R d , 
\% — y\ < Ri and f(z) = if \y — z\ < R. 
Then 



\(f*v)(y)\<C[Mf(x)]> / (R 1 + p) d $(p)dp 



R 



where the constant C = C(d) and 



$(p) 



|ia|=l 



(Vf (pw), w) 2 dw 



where dw is the counting measure on {—1, 1} if d = 1, and dw is the 
Lebesgue measure if d > 2. 

Proof. Integrating by parts, we have 



f(y - z)v(z)dz 



f(y — pw)v(pw)p d ~ 1 dwdp 

R J\w\=l 

00 f d f p 

/ v(pw)— / f(y — rw^^drdwdp 
r J\w\=i dp J R 

v(pw) / f(y — rw^^dr 

J R 

oo p pp 

/ / f(y — rw)r d ~ 1 dr(yv(pw),w)dwdp 

R J\w\=l J r 

p 

f(y — rw)r d ~ 1 dr(\7v(pw),w^dwdp. 

R J\w\=UR 



M=i 



dw 
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Therefore, by Holder's inequality, 



\(f*v)(y)\ < I ( T f f{y-rw)r d - l dwdr\ ' ( f ' r^drY ${p)dp 

R \JR J\w\=l J \JR J 



< c r( [ f(z)dz) 2 P H{p)d P 

JR \JBp{y) J 

< c r(f f\ Z )dzY P U(p)dp 

JR \JB Rl+p (x) J 



< C r(R l +p)ipi(sMv(R 1 + p)- d [ f(z)dz)$(p)dp 

Jr \p>o Jb Ri+p (x) J 

i r°° 

< C[Mf{x)Y / (R 1+P ) d ^p)dp. 

Jr 



□ 



5.2. Proof of Proposition [2 1°. Since (J- Af' 2 : H s p Hp~ p/2 , s e 
R, is an isomorphism (see [T2] ) , it is enough to prove the first inequality 
for f3 = 0. Also, it is enough to consider g G Cg° (R d+1 , V ) , the space 
of smooth V -valued functions on R d+1 with compact support. 
Let us introduce the function 

^ „/,(<*) ( j. £ 



Obviously, if a ^ 1, 

(5.5) v» (a) (t,o = ier^ Co) (*,e)- 

Since 

K£)m|(™,£)| = |e|(^||)ln[|(«;,||)|e|] 

= |e|( W ,|j)ln|(^-|) + |^|(«;,||)ln|e| 

and fi w > =1 wm^(t, w)dw = 0, the equality (15. 5 j) holds for a = 1 as well. 
By Assumption B, 

Re^ (Q) (t,0 < < 0, teR, (GR„. 
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Let p = 2 and g G H^E^b, V). Then, by Parseval's equality, 

-b rt 



a J a 
b r t 



\d a/2 Zg(s,t,x)\ 2 v dxdsdt 



< 



iFgistQlvdZdsdt 




b rb 



\Fg{s,£)\vdtdsd£, 



< (2//)- 1 J J \Tg{s,0\ 2 v dtd6 



(5.6) 



( 2 ^) \9\%0 {EabjV y 



2°. Let p > 2. We extend the functions g G H^(E a ^ V) by zero out- 
side the interval [a, b] if necessary Obviously, the extended functions 
belong to H°(E, V), where E = E.^ = R d+1 . 

For g G H®(E, V) we denote 



Gg(s,y) 



&*/ 2 G u , s {y-y')g{u,y')dy' 



G u>s {y-y')&*l 2 g(u,y')dy' 



du 



du 



1/2 



1/2 



Note that by triangle inequality in £ 2 ((— oo, s], V) we have for g 2 , G 

(5.7) G(0i + 2 )(s,3/) < G gi (s,y) + Gg 2 {s,y), 

\G(9x + 92)(s,y) -Ggx(s,y)\ < Gg 2 (s,y). 

According to (15. 3p and (15 .4p it is enough to prove that there is a con- 
stant C such that for all g G H°{E, V), (t, x) G R d+1 



(5.1 



(Ggf(t,x)<C(M t M x \g\v(t,x)) 



1/2 



where Ait and Ai x denote the maximal functions defined using the 
balls in R and R d and 



(Ggf(t } x 



sup 



BeQ,(t,x)GB mes(-B) J B 



\Gg{s,y) - (Gg) B \dsdy. 
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Since B e Q is of the form 

B = (s -5 a ,s + 5 a ) x (z 1 -8,z 1 + 8) x ... x (z d -5,z d + 5)} 
= (s o ,z)+B(0,0;S), 

with 5 = s + S a ,B(0, 0; 5) = (-25 a , 0) x (-5, 5) d , it is straightforward 
to verify that 



1 



\Gg(s,y) - (Gg) B \dsdy 



mes(B) J 

= 77TT / \Gg(s + 5 a s,z + 5y)-(Gg(s + 5 a -,z + 5-)) Qo \dsdy, 

mes(Qo) J Qo 

where Q = 5(0,0; 1). 

Changing the variable of integration, u = s + 5 a s, y' = z + 5y, we 
see that 



Gg(s + 5 a t, z + Sx) 

rs +6 a t 



/so-t-o t /• 
/ «9 Q / 2 G M , s ~ 0+ ^(^ + 5x - y')g(u, y')dy' 
oo •/ 



1/2 



du 



v 



6* 



d a/2 G- S0+ 8"s,s o +8 a t(S(x - y))g(s + 5 a s, z + 5y)dy 

1/2 



ds 



df*' 2 G s s f{x - y )g(~s + 5 a S , z + Sy)dy 



ds 



v 



where 



with 



G s s °/(x) = (exp {J^ (a) (so + S a r,0dr^ 



» 



/" r / G"7T 

C / 1(^,01" 1 -if tan— sgn( W ,0Wi 

J S d-i L \ J 



'5 d 

sgn(u>, £) In |(iy, £)|l a= i ) m^ a ^(s + <5 a t, w)dw. 

Note that for every s e R d , 5 > 0, the coefficients 6(s + B tj (s + 
<5 Q t),m (Q) (so + S a t,w),t e K,w e S"* -1 , satisfy the assumptions A,B 
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with the same constants K and /x. Therefore for (15. 8p it is enough to 
show the inequality 

(5.9) (Gg)* o < C (M t M x \g(t, x) \ 2 V ) 1/2 , (t, x) G Q , 
with 

Qo = B(0, 0; 1) = { (t, x) G [-2, 0] x [-1, l} d ] 
We consider the following three cases: 

(1) g(t,x) = 0,(t, x) £[-12, 12]xfi 3V3 (0); 

(2) ^,a;) = 0,(t,:r)£[-12,12]xR d ; 

(3) #(t,x) = 0,t > -8,x G R d . 

For the estimates of the derivatives of G ua (x) the following repre- 
sentation is helpful. For u < s,x G H d , j, k = 1, . . . , d, 

(5.10) djd^G^x) = (s - u)-i-^Fl : k s ((s - u)-^x) , 

d^G^x) = {s-uyt-t-zF^^s-uyty, 

d s d^G UtS (x) = (s - u)~"~%F U)S ((s - u)~"x), 
djd s d%G U;S (x) = (s - u)"-*-°Fi ta ((s - u)~«x), 

with 

Ks = ^{^iei^expj-ier^^^^^orfr 
k >s = ^{-lei^^^oexpj-ier^^^^^e)^}}, 
K s = ^{-^lei^^c^oexpj-ier^^^^^^o^}}. 

By definition of the inverse Fourier transform, all functions F^, Fl 8 , F U)8 , F£ 
are uniformly bounded. 

3°. First, we prove that in the case (1) 



(5.11) / (Gg)(s,yydsdy<CM t M x \g(t^)\v 

JQo 

for all (t, x) E Qo- 
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Repeating the proof of (15.61) . we have 

p roc ps f 

/ (Gg) 2 (s,y)dsdy < \^e- 2 ^ s -^\Tg(u, Oll^duds 

J Qq J— oo J— oo J 

/OO P 
/ \g{u,y)\ 2 v dudy 
oo J 



-12 p 

(^T 1 I I \g(u,y)\ 2 v dydu. 

~ 12 jB 2VlW 



Now for every (t,x) G Qo, 



12 , 

/ \g{u,y)\ v dydu 

12 



<mes(S 5 ^(0)) f * I \g(u,y)\ 2 v dydu 

,12 

< mes J B 5v ^(0) / Mslfi'K 

</-12 

<CM^b(t,^)lv 

and (15. lip is proven. 

4°. Now we prove that (15. lip holds in the case (2) as well. Since 
f loTTTj) holds for g(t,z) = 0, (t,z) $ [-12,12] x B 3VS (0), it is enough 

to consider g(t,z) such that g(t,z) = if |t| > 12 or \z\ < 2yd. By 
Minkowski's inequality, 



(Gg) 2 (s,y) 



2 



du 

v 

2 



d a / 2 G u , s (y-y')g(u,y')dy' 
< J^(J\d a / 2 G u , s (y-y')\\g(u,y')\ v dy^ du. 
According to Lemma [3] (in our case R = Vd,R 1 = 2y/d), 



\d a ' 2 G UtS {y-y')\ \g(u,y')\ v dy') <CM x \g{^x)\ 2 v x 



x 



r°° ( r ^ \ 



< CM x \g(u,x)\yK(u,s), 



where 



By HI, 



K{U, S ) = [S—U) a 
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P d ^ J2 \d 3 d a / 2 G u , s (pw)\ 2 dv)j dp 



'"-(/"W/ j2\ F LW*-»)--v)\ 2 *A dp 



Changing the variable of integration, p(s—u) <* = r, and using Holder's 
inequality, we get 

/ /• "' \ - \ " 

1 I / d 



k(u,s) = (s-u) / r 

'(s— u)" _ 



<2 \ ' 

•/M=i i= i / 

/*oo /*oo /» ^ 

< (s-u)- 1 i f-^dr I r 2d+1+ % ^[F^ s (rw)] 2 «r 

J(s-U)~a JO J\w\=l 



2 



Hence, by Parseval's equality, 

« d 

k(s,u)<C(s-u)- 1 i /^|^ +1+ W^(0| 2 ^- 

Due to our assumptions A, B and Lemma EJ the last integral is finite. 
Therefore 

/ {Gg) 2 dsdy < C / (s - u)~^M x \g(u, x)\ 2 v duds 

JQo J -2 J -12 

— Cl / l(s,u, x) dsdu + / / l(s,u,x) dsdu 

\J-12 J -2 i-2 </m 



(5.12) < C / .M x |0(u,x)|^du < GMtM^fta: 

./-12 

for all (£, x) G Qo with 

l(s,u,x) = {s- u)~*M x \g(u,x)\y. 
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5°. We will show that in the case (3) 

(5.13) / \Gg(s,y)-Gg(t',x')\ 2 dsdy<CM t M x \g\ 2 v (t,x) 

JQo 

with all (t,x), {t',x') G Qq. We estimate the Lipschitz constant of Gg 

in t and x. Obviously, for each (s,y), (t',x') G Qo 

(5.14) 

\Gg(s,y)-Gg(t',x')\<C\ sup \VGg(s,y)\ + sup \d a Gg(s,y)\) . 

\{s,y)eQ (s,y)eQ J 

First we estimate \VGg(s,y)\ in fl5Tl4j) . Let <p G C^(R d ),0 < <p < 
1, = 1 if \x\ < 2Vd, <p(x) = if | x| < 3y/d, and 

92(u,y') = g(u,y')(p(y'), 

gi (u,y') = g(u,y')(l-cp(y')),(u,y')ER d+1 . 

Since g(u,y') = if it > —8, applying Holder's and Minkowski's in- 
equalities, we derive for s G [—2,0], \y\ < 1, 



\VGg(8,y)\ 2 < 



-8 



— oo 



2 

v 



< 2 / 8 (/ |V9 a / 2 G? U)S (y-y / )| ^ 

J-oo |y'|>2Vd / 

+2 / V / |W*/ 2 G u , s (y-y')l M^yOlvV) 

</-oo V^lw'lOv^ / 



'\y'\<3Vd 

= 2(A 1 {s,y)+A 2 (s,y)). 

For any (t,x) G (Jo> according to (I5.10P and Lemma [1] (applied for 

d = l), 

A 2 (s,y) < [ 8 sup \Vd a ' 2 G u , s {z)\ 2 {f \g(u,y')\ v dy') 2 du 

J-oo \z\<4Vd ^ |y'|<3v^ 

< C [ 8 sup |W*/ 2 G U ,^)| 2 ( J— r - / \g(u,y%dy') 

J-oo \z\<4Vd meS a Wd\ X ) J\x-y'\<4Vd 

< C I \s-u)-^- 1 -iM x (\g\ 2 v )(u,x)du<CM t M x (\g\ 2 v )(t,x) 
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According to Lemma [3] (in our case R = Vd and R x = 2y/d) 
f \Vd a ' 2 G u , s {y-y , )\\g 1 {u,y')\ v dy') < CM x \g( 

J\y'\>2Vd J 

(2Vd + p) 
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U,X)\y X 



< CM x \g(u,x)\ v K(u,s) 



d \ 1/2 \ 2 

y2\d^d a / 2 G u , s ( P w)\ 2 dw) dp 

M=i j= i J 



where 

k(u, s) 



/°° / r " \ V 2 \ 2 

p\J l ^_j2^ vda/2G ^^\ 2dw ) d p) 



By (15.101) and Holder's inequality 



(s - u 



\w\ = l 



d r i i 2 \ 1/2 \ 2 

\ F u k s(p( S - U )~" W ) dw ) d P 



j,k=l 



< (s - u)-* / p- 2 dp / p 



,2d+2 



J2 \ F H(P( S - U ) -w) dwdp 



[s - u 



\x 



\x\>l 



j,k=i 



dx 



with p 



2d+4 



+ 1. 



Changing the variable of integration, y = (s — u) qx, we get by 
Parseval's equality 

Riu, a) < (s-u)- 1 ^ j \y\ d+3 J2 [ F £(v)]**V 

J A 7 1 



j,k=l 



j j,k=i 



Due to our assumptions and Lemma[2l the last integral is finite. Hence, 

k(u, s) < C(s — 

and for (s,y) e Q , 



-8 



Ai(s,y)< / M x \g\ z v (u, x)k(u, s)du < C M x \g\ 2 v (u, x)(s-u) <*du 



-8 
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Therefore by Lemma[]](in the case d = 1), for (s, y) G Qo, (t, x) G Qo, 

(5.15) |VG^( S ,y)| 2 < A 1 (s,y) + A 2 (s,y) < CM t M x \g\ 2 V {t,x). 

Now we estimate \d s Gg(s, y)\. Applying Holder's and Minkowski's 
inequalities, we get for (s,y) G Qo, 



[d s G(s,y)] 2 < [ j d s d a f 2 G u , s {y-y')g{u,y')dy' 

J — oo J 



2 

du 

v 



-oo 

< 2 / 8 ( / \d s d a / 2 G UtS (y-y')\\ gi (u,y')\ v dy') du 

'\y'\>2Vd 



— oo 



= 2B 1 (s,y) + 2B 2 (s,y). 
According to Lemma [31 

\d s d a ' 2 G u , s (y-y')\ \ gi (u,y')\ v dy') < CM x \g\vM * 
i / 

r(2Vd + p) d ( [ "T&dsd^G^ipwtfdw) 2 dp 

JVd \J\w\=l~[ J / 

< Ck(u, s)M x \g\v(u,x), 



where 

k(u,s) = P d [J n J2 [dAd a/2 G u , s {pw)] 2 d w y dp^j . 

According to f)5.10p . we have by Holder's inequality 

d 



R(u,s) = (s-uy^J™ p d (J^ ^[FlMs-u)-^w)] 2 d w ydp^ 

P d 

/ ^ [Fls(p( s - u)~iw)] 2 dwdp 

J\w\=l j=1 

< c{s-uyv [ \x\ d+2+a j2[ F U(^-^r^)] 2 d^ 

J\x\>l 



'H=i j=i 

/■oo 

< (s- u)- p I p- l ~ a dp / p 2d+l+a 
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where p = — + 3 + -. Changing the variable of integration, y = 
(s — u)~*x, we get by Parseval's equality 

d 

R(u, s) < C(s — u)~ 2 



J 3=1 

< c(s-u)- 2 /^|^ +l+ *^i.(oi 2 de. 

J 3=1 

Due to our assumptions and LemmaEJ the last integral is finite. Hence, 

R(u, s) < C(s — u)~ 2 

and, by Lemma [1] (d = 1) it follows for (s,y), (t,x) G Qo, 
(5.16) 

r -s 

Bi(s,y) <C (s-u)- 2 M x \g\v(u,x)du < CM t M x \g\ 2 v (t, x). 

J — oo 

For any (s,y), (t,x) G Qo, according to (I5.10p and Lemma [1] (d = 1), 
B 2 (s,y) < [ 8 sup \d s d a / 2 G u , s (z)\ 2 ( [ \g{u,y')\ v dy') 2 du 

< C [ 8 sup \d s <T/ 2 G U!S (z)\ 2 ( / \g{u,y%dy') 

J-oo \z\<4Vd meS ^4Vd\ X ) J\x-y'\<iVd 

< C [ \s-u)-"- 3 M x \g\v(u,x)du<CM t M x (\g\ 2 v )(t,x). 

J — oo 

Summarizing, we have for all (s,y), (t,x) G Qo, 

\VG{s,y)\ 2 + [d s G{s,y)] 2 <CM t M x {\g\ 2 v ){t,x)\ 2 v . 

Therefore (15.131) follows and we showed that (I5.1ip holds in the first 
and second case. 

6°. Now we show that (15.111) in the case (2)-(l) and (I5.13P in the case 
(3) imply (15.91) . Let tp be a continuos function on R with all bounded 
derivatives such that < <p < 1, (p(s) = if — 8 < s, (p(s) — 1 if s < —9. 
Let 

gi(s,y) = g{s, y)(p(s), (s, y) G R d+1 , 
g2 = g-gi- 

Then by (loTTI) . 

\Gg-(Gg) Qo \ < \G( 9l + g 2 ) - G 9l \ + \Gg x - (G 9l ) Qo \ 
+ \(Ggi) Qo -(Gg) Qo \ < Gg 2 + (Gg 2 ) Qo + \Gg 1 -{Gg 1 ) Qo \ 
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and 

(G9)t<(G gi )* o + 2(Gg 2 ) Qo 

Now, by ( 15. ip and (15. 2ft . the required inequality (15. 9 ft follows from 
(15. lip . (I5.12p and (I5.13p . The first assertion of the proposition is 
proved. 

7°. The estimates in Besov spaces follow immediately because 

(d a/2 Xg) = d a/2 Xg,j 

and we have shown that 

\ P/2 



y y ^y ^•♦/(sj^soiy^j c^g^ 
= y b y^ ( y i(5 a / 2 z^( S ,t,x)) .i>y 7 

= y y ^ \d a/2 X gj (s,t,x)\ 2 v ds\ dxdt 
<C [ b \g,(s,-)\v, p ds. 

J a 



The proposition is proved. 



References 

[1] Bergh, J. and Lofstrdm, J., Interpolation Spaces. An Introduction, Springer 
Verlag, 1976. 

[2] Grigelionis B., Reduced stochastic equations of the nonlinear filtering of 
random processes, Lithuanian Math. J., 16 (1976) 348-358. 

[3] Jacod, J., Calcul Stochastique et Problemes de Martingales, Lecture Notes in 
Mathematics, 714, Springer Verlag, Berlin New York, 1979. 

[4] Kim, Ildoo and Kim, Kyeong-Hun, A generalization of the Littlewood-Paley in- 
equality for the fractional Laplacian (-A) Q / 2 , arXiv: 1006.2898vl, [math.FA], 
15 Jun 2010. 

[5] Krylov, N.V., A generalization of Littlewood-Paley inequality and some other 
results related to SPDEs, Ulam Quarterly, 2 (1994), 16-26. 

[6] Mikulevicius, R. and Pragarauskas, H., Model problem for integro-differential 
Zakai equation with discontinuous observation processes in Holder spaces, Ap- 
plied Mathematics and Optimization, 64 (2011), 37-69. 

[7] Mikulevicius, R. and Pragarauskas, H., On the Cauchy problem for certain 
intcgro-diffcrcntial operators in Sobolev and Holder spaces, Lithuanian Math- 
ematical Journal 32-2 (1992), 238-264. 

[8] Mikulevicius, R. and Pragarauskas, H., On Holder solutions of the integro- 
differential Zakai equation, Stochastic Processes and their Applications, 119 
(2009), 3319-3355. 

[9] Mikulevicius, R. and Pragarauskas, H., On L p - theory for Zakai equation with 
discontinuous observation process, ar Xiv:1012.5 816vl [math. PR], 2010. 



ON L„-ESTIMATES OF SINGULAR INTEGRALS 



29 



[10] Protter, P. E. and Talay, D., The Euler Scheme for Levy Driven Stochastic 

Differential Equations, The Annals of Probability 25 (1997) 393-423. 
[11] Samorodnitsky, G. and Taqqu, M.S., Stable Non-Gaussian Random Processes: 

Stochastic Models with Infinite Variance, Chapman and Hall, 1994. 
[12] Stein, E. M., Singular Integrals and Differentiability Properties of Functions, 

Princeton University Press, 1971. 
[13] Stein, E.M., Harmonic Analysis: Real- Variable Methods, Orthogonality, and 

Oscillatory Integrals, Princeton University Press, 1993. 
[14] Tricbel, H, Theory of Function Spaces. Birkhaueser Verlag, 1983. 
[15] Triebel, H, Theory of Function Spaces II. Birkhaueser Verlag, 1992. 
[16] Zakai, M., On the optimal filtering of diffusion processes, Z. Wahrsch., 11 

(1969), 230-243. 

University of Southern California, Los Angeles, Institute of Math- 
ematics and Informatics, Vilnius University 



